Chapter 2 Solutions

1. a) The period is

r=t_o_ 1 _00025s
f 400Hz
b) We have

v=Af

3502 = 1-400Hz

A=0.875m
2. The wavelength will be found with

v=Af

To calculate to wavelength, the speed and the frequency must be known.

The speed of the wave is

<
I

At
_30m
 d4s
=7.522

The wave period is

- A 0o
20 oscillations

The frequency is therefore

Thus, the wavelength is
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v=Af
7.52= 1.5H;
A=1.5m

3. a)

According to the figure, the wavelength is 20 cm. The frequency is then found

with
v=Af
402=0.2m- f
f =200Hz

b) As the rope makes a harmonic oscillation, its maximum speed is

= WA

Vmax

With the figure, we note that the amplitude is 6 cm. So the maximum speed is

= (27-200Hz)-0.06m
=754

4. a) Since there a + in front of @x, the wave is travelling towards the negative x-axis.

b) In the equation, we have k = 10 rad/m. the wavelength is thus

k=22
A

10m™ =2—7Z

A =0.6283m

¢) The speed is
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d) The formula for the velocity of the rope is
v, = Awcos (kx+ wr + ¢)

:0.2m-200%@0{10%-x+200%-t+%radj

=40%-cos(10%’-x+200%-t+%radj

We could also have done the derivative of the position

_9%
Yoot

1%

) 0.2m'sin(10%'x+ 200%-t+£radj
ot 4

=0.2m'ZOO%COS(IO%'x+200%-t+%radj

= 40%'cos(10%'x+ 200%-t+%radj

Atx=1mandt=1s, the velocity of the rope is then
T
v, =40%-008(10%-1m+200%‘1~1s+zmdj

=40%-cos(210md +%radj

= -38.232

5. We have two equations:

v _=A®

max

25 =Aw
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and

amax = sz
2002 = Aw’

Dividing the second equation by the first, we get

2002 Aw’
2m Aw
100s" =

Therefore,

22 =Aw
22=A-100s™"
A=0,02m

6. a) The maximum speed is

Vo = A
=0.1m-50s"

b) The maximum acceleration is

a_ =Aw®
=0.1m-(50s7")’
=250

c) When the crest is at the point x = 1 m, then the displacement at this point is equal
to the amplitude. So we have

0.1m=0.1m-sin (524 - 1m —50 2 . 1)

Solving for ¢, the result is
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0.1m=0.1m-sin (52 - 1m —5024 . )
1= sin (52 - — 502 1)
2-5-505" 1

(Normally, there would be a second solution for the arcsin, which is ©T minus this
answer, but the 2" solution is identical to the first.) Let’s continue

To this answer, the period can be added or subtracted to find all the moments at
which the crest passes. Here, the period is

505~
=0.12566s
It is clear that negative values will be obtained if the period is subtracted to our
solution. As the first three positive value are sought, the period cannot be
subtracted. It remains to add the period to find the other 2 times. Thus, the 3
moments are

t, =0.06858s
t, =0.068585 +0.125665 = 0.19425s
t, =0.068585 +0.125665 +0.125665 = 0.3199 15

7. To write the equation, we need @, k, A and @.
wis

w=21f=2F -2 _yogm
T 0 |

kis
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w
V=—
k
rad
502 207 =
‘ k
k 2_7Z'rad
5 m

The amplitude is

2
()

=(0.02m)’ +(2_1T jz

Ors™

=6.533x10"m?
A=0.02556m

and the phase constant is

tan (kx—ar + @) =
_vy

207zs™"-0.02m
=

¢ =0.8986

tan(0+0+¢) =

The equation is therefore

¥y =0.02556m - sin (2£24. x 207721 +0.8986rad )

8. a) The period will be found with

@ can be found with
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a=-wx
~1002 = -@"-0,01m
@ =1000024
=100

Then, the period is

~ 1005
= 0.06283s

2
()

12m Y
=(0.01m)’ + s
(0.01m) (100 -lj

s

b) The amplitude is

=0.000244m?
A=0.01562m

9. To write the wave equation, @, k, A and ¢ must be found
The amplitude is 5 cm.

As the wavelength is 2 cm, k is

w1is
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w
V=—
k
@
am —
2= —
ﬂ'cm
— ad
w=2r

For the phase constant, we’re going to take a point on the graph where a crest is
located. Let’s take x = 1 cm. We then have (taking the positive signs in the formula

since the wave goes towards the negative x’s.)

tan(loc+a)t+¢)):ﬂ

v,

tan (724 - 1em+ 27444 - 55+ @) = 0

tan (7zrad +107rad + ¢) = >
tan (117rad + )

(o]

zrad+¢ =

(SRR

¢=-10.57
Adding 127 to bring the constant between 0 and 27, we have
o=
Therefore, the equation is

y=5cm-sin(7%4L. x+ 274 1 +3Z rad )

10. To write the wave equation, @, k, A and ¢ must be found
The amplitude is 2 cm.

As the period is 2 s, w1is
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Therefore, k is

[
V=—
k
7[&
3=
k
— & rad
k=54

For the phase constant, we’re going to take an instant where there’s a crest. Let’s take
t = 1.5 s. We then have (taking the negative signs in the formula since the wave goes
towards the positive x’s.)

tan(kx—ax+¢>):ﬂ
_vv

744.0.02m

tan (£24.3cm— 724 .1.55+ @) = 5

tan (7rad —1.57rad + ¢) = oo
tan (—-0.57rad + @) = oo

~0.5mrad + ¢ = %
p=n
Thus, we have

y=2cm-sin(£4L. x— g2t + 7rrad)

3 cm
11. since the waves are all going at the same speed on a rope, the speed is also 30 m/s.

12. The mass will be found with the linear density and this linear density will be found
with the equation of the speed of the wave.

If the wave goes from one end to the other in 0.05 s, its speed is
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Luc Tremblay
_ A 2Zm 0z
At 0.05s *
Then
_ B
u
u=0.125 7g
The mass is therefore
_ mass
length
0.125 ke = Mass
: m 2m
mass =0.25kg
13. The speed will be found with
v [E
u

The tension is known but not the linear density.

The linear density of the rope is

Therefore,
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o [
u
m — FT
*\0.025%
F. =62.5N
14. The speed will be found with
o [E
u

The tension is known but not the linear density.

The linear density is found with the speed when the tension is 50 N.

v= |+

u

402 = /SO_N
u

u=0,03125%

If the tension is 80 N, then the speed is

80N
0.03125%

=50.62

15. a) The linear density will be found with the equation of the speed of the wave.

The velocity of the wave is
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10}
y=—
k
200s™"
10m™
=202
Therefore
o [E
u
202 = /SON
u
u= 0.125’f—j

b) The maximum speed of the rope is

Vo = 0A
=200s""-0.2m
=402

16. To find the speed with

the linear density of the rope is needed. This linear density is

_n
T

Therefore, the mass of a nylon rope with a length L and a radius of 2 mm must be

found. The mass is found with the with density

m= p-volume

Since the rope is a long cylinder of length L, its volume is ©tr2L. Thus,

m=p-7r’L
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Therefore, the linear density is

= prr’
=1150% . 7-(0.002m)’
=0.01445%

Therefore, the speed is

_ | 300N
0.01445%

= 144,12

17. The distance between the nodes is equal to half of the wavelength. Therefore, the
wavelength must be found. It is found with

The speed is found with

0.05%
=100z

The frequency is found with the formula for the maximum speed.
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vmax = Aa)
12=0.02m-w
@=>50xd
_@
2z
50
= _HZ
! 2
Thus, the wavelength is
v=Af
1002 = l-S—OHz
2
A=4mm

Therefore, the distance between the nodes is

% =27m=6.283m

18. a) To calculate the energy with the formula

E=1 UuDw’ A’
2
The frequency must be known.
The wave frequency is
v=Af
502=0.4m- f
f=125Hz

The energy is therefore

E= % UDwW' A®

:%.o_ozs%gmm (27 125Hz)" -(0.002m)’

=0.3084J
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b) The power is

1
P=— v’ A
e
:%-O.OZS%-SO%-(ZE-lZSHz)Z -(0.002m)’

=1.542w

19. The amplitude can be found with
_ 1 242
P= 5 My A

but the speed and the linear density must be known.
The speed of the wave is

v=Af
=0.125m-200Hz
=252

The linear density of the rope is

v= |+

u

_ [son
u

p=0.128%

25

« |3

The amplitude is then found with the power formula.
_ 1 242
P= Eﬂva) A

20W :%-0.128’,‘—5-25%-(275-200Hz)2 LA?

A=0.002813m

20. The power will be found with
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P= % v’ A

However, the speed must be found first.

The wave speed is

w
v=—
k
_ 507zs™
107zm™
The power is thus
_ 1 242
P—E,UV(() A

:%-0.056—5-5%-(507:{1 )’-(0.02m)

=1.234W

21. We have two equations. They are

Z=\F.u
4kTg =\ Fru
16%2 =F.u

and
F,
v= |+
u
804 = /ﬂ
s u
64002 _5&
Yoou

By multiplying these 2 equations, we have
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1642 . 64002 = FTy-ﬂ
) S u

102, 40042 = 2

s

F, =320N
From that, the linear density is found.

164 = Fyu
165 =320N
u=0.05%

m

22. For the first wave, we have
P = 1 Zw A’
2

When the rope is changed, the impedance is changed since the linear density of the
rope is changed. This linear density is

_m
a L
The mass is found with the density

m= p-volume

Since the rope is a long cylinder of length L, its volume is ©r2L. Thus,

m=p-xr'L
Therefore, the lineic density is
_m
H L
_ p-r’L
L
=p-7r’

If the radius is doubled, then
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My _ p-zr;

P 7[’32
_h

’32
2
_(2n)
ri2
=4
Therefore,

Thus, the ratio of power is

1 2 42

5 B EZza) A

E Zzwa
P _ 27,4
P ZA

2
S
Al
2
1=2 4 >
(0.02m)
A, =1.414cm

College Mérici, Quebec City

23. The distance traveled by the front of the wave during time At is

2024 Version

2- Waves on a Rope 18



Luc Tremblay College Mérici, Quebec City

[ =vAt

The mass of the rope over this distance (which is the mass of the rope set in motion)
is

m=ul
= uvAt

The mass of rope set in motion per unit of time is

n,
Al

We then have

And there you have it, the mass of the string set in motion per unit of time is equal to
the impedance. This is consistent with the fact that impedance is measured in kg/s.

24. The speed of the wave depends on the tension. Let’s find the tension as a function of
the position on the string. To ensure that there is an equilibrium of force, this tension
must be equal to the weight of the rope under the point considered. A y-axis pointing
downwards with an origin y = 0 at the top of the rope will be used. At the position y,
the length of the rope under this position is

I=L-y
where L is the total length of the rope. The mass of this part of rope is
m=pu(L-y)
This means that the tension of the rope at y is
Fr=ug(L-y)

Then, the speed of the wave at y is
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u

To travel the small distance dy, the time is

25. The speed of the wave depends on the tension. Therefore, the tension in this ring
must be found. Let’s take a small piece of rope and examine the forces on this piece.

(The angle @is small on the figure.)

2024 Version 2- Waves on a Rope 20



Luc Tremblay College Mérici, Quebec City

Al

Since this piece makes a circular motion, the sum of y-components of the force
acting on this piece is (using a y-axis directed upwards)

2. F,=ma,

— F, sin (—g) + F, sin (180° +§J =-ma’r

Since sin -x = -sin x and sin (180°+x) = -sin x, it becomes

—F,. sin (gj — F, sin (gj =—-ma’r
2 2

2F, sin (gj =ma’'r

Since the angle is small, sin x = x. (This means that we are now working with angles
in radians.)

2F, 9 =ma’r
2
E.0=mw’r

The mass of the piece depends on the angle. Since the density is y, the mass of the

piece is
m = uAl
=uré
The force equation then becomes
F.0=mw’r
F.0=uréw’r
F. = ur'a’
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Thus, the speed of the wave is

With the values, we arrive at

y=0.25m. 22
=052

Note that this speed (rw) is also the speed of the rope. Thus, the wave, if it goes in
the opposite direction to the rope, always remains at the same place!
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